Abstract. The known (explicit) examples of Riemann surfaces not definable over their field of moduli are not real whose field of moduli is a subfield of the reals. In this paper we provide explicit families of real Riemann surfaces which cannot be defined over the field of moduli.
Introduction
As a consequence of Riemann-Roch's theorem, each Riemann surface S of genus g can be defined by an irreducible complex projective curve C. A subfield K of C is called a field of definition for S if it is possible to assume C to be defined by polynomials with coefficients in K. By results due to Koizumi [15] , the intersection of all fields of definition of S is the field of moduli of S and there is a field of definition being a finite extension of the field of moduli. The surface S is called real if R is a field of definition of it; this is equivalent for S to admit an anticonformal automorphism of order two (as a consequence of Weil's descent theorem [20] ). Also, the field of moduli of S is a subfield of R if and only if it is isomorphic to its complex conjugate, equivalently, if it admits anticonformal automorphisms [8, 18, 19] . Those surfaces of genus g with real field of moduli corresponds to the real points of the moduli space M g . Riemann surfaces whose field of moduli is real but are not real are usually called pseudo-real.
It is well known that every Riemann surface of genus at most one can be defined over its field of moduli. So we assume, from now on, that g ≥ 2. In this case, when Aut(S) is the trivial group or when S/Aut(S) has genus zero and exactly 3 cone points (that is, S is a quasiplatonic curve), then S can be defined over its field of moduli (the first as a consequence of Weil's descent theorem [20] and the second was proved by Wolfart [21] ).
Explicit examples of hyperelliptic Riemann surfaces which cannot be defined over the field of moduli were first provided by Earle [8] , Shimura [18] and later by Huggins [13, 14] . In the non-hyperelliptic case, explicit examples were provided by the second author [10] , Kontogeorgis [16] and the second and third author together with Artebani and Carvacho [1, 2] . All of these examples are pseudo-real ones and, moreover, they can be defined over an imaginary extension of degree two of the field of moduli.
Because of the above examples, we were wondering if every real Riemann surface can be defined over its field of moduli. In this paper we provide explicit examples of real Riemann surfaces (hyperelliptic and non-hyperelliptic) which are not definable over their field of moduli.
Notations and conventions. By L D we mean the quadratic number field extension Q( where D > 1 is a square-free integer. Assume further that Pell's equation
, then L D would contain infinitely many points η = a + b √ D whose norm N LD/Q (η) equals to −1, or equivalently σ η = −η −1 . We mainly are interested in the following two cases (i) L/K is a finite Galois extension inside C and (ii) K = Q and L = C. The Galois group for L/K is Gal(L/K), where its action will be denoted by left exponentiation. In particular, if F ∈ L[X 0 , · · · , X n ] and σ ∈ Gal(L/K), then σ F denotes the polynomial obtained by applying σ to the coefficients of F .
The n-dimensional projective space over the complex field is P n C , and its automorphism group is PGL n+1 (C), the (n + 1)-dimensional projective general linear group. A projective linear transformation A = (a i,j ) of P 2 C is often written as will be denoted by GL 2,Y (C). We use ζ n for a fixed primitive n-th root of unity in C.
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Weil's criterion of descent
Let C be a smooth projective algebraic curve defined over the field L, that is, C is defined as the zero locus of the homogeneous polynomials
For each σ ∈ Gal(L/K) the new polynomials σ F 1 , · · · , σ F s define a smooth projective curve σ C. In general, it may be that σ C and C are not isomorphic curves.
and this is the intersection of all fields of definition of C [15] . This intersection property may fail, for instance, when
Let L/K is a finite Galois extension and assume there exists an isomorphism g :
The following theorem due to A. Weil shows that the above necessary conditions (i)-(iii) is also sufficient for the field K to be a field of definition for C. Theorem 2.3 (Weil's descent theorem [20] ). Let us assume that L/K be a finite Galois extension and let C be an irreducible projective algebraic curve, defined over L. If for every σ ∈ Gal(L/K) there is an isomorphism f σ :
σ C → C, defined over L, such that the Weil's co-cycle condition f στ = f σ • σ f τ holds for all σ, τ ∈ Gal(L/K), then there exist an irreducible projective algebraic curve C ′ defined over K and an isomorphism g :
We say that the collection {f σ } σ∈Gal(F/K) is a Weil's datum for C with respect to the Galois extension L/K. Remark 2.4. The above result still valid for the case K = Q and L = C if we assume C to be of genus g ≥ 2 (so it has a finite group of automorphisms).
An application.
A constructive proof of Theorem 2.3 can be found in [12] . The constructive proof in fact asserts that if every f σ is defined over a subfield N , K < N < L, then g is also defined over N . This observation will be important for our construction.
Corollary 2.5. Let L/K be a Galois extension of degree 2 and let σ be the generator of Gal(L/K) ∼ = Z/2Z. Let C be an irreducible projective algebraic curve of genus g ≥ 2, defined over L. Assume that every automorphism of C is also defined over L and that there is an isomorphism h :
σ C → C also defined over L. Then, if there is no a Weil's descent datum for C, with respect to the Galois extension L/K, then C cannot be defined over K.
Proof. Let us assume C is definable over K. It follows that there is an isomorphism t : C ′ → C, where C ′ is defined over K. As the group of automorphisms of C is finite, the isomorphism t can be assumed to be defined over a finite extension M of L; which can be assume to be a Galois extension of K.
If
η C → C must be of the form a η • h, where a η is an automorphism of C; it follows that f η is defined over L. Moreover, it can be seen that the collection {f η : η ∈ Gal(M/K)} is a Weil's datum for C with respect to the finite Galois extension M/K. Using this collection of isomorphisms in Weil's descent theorem and its constructive proof in [12] , we obtain an isomorphism g :
, t e = I} defined a Weil's datum for C with respect to the Galois extension L/K, a contradiction.
Remark 2.6. The above corollary works for C any algebraic variety with a finite group of automorphisms.
Hyperelliptic real curves not definable over their field of moduli
In this section we provide examples of hyperelliptic curves, over a real quadratic field extension, not definable over their field of moduli.
Fix an even integer g ≥ 2, and choose
with the property that N LD/Q (η i ) = −1, and such that η i = ±1 ηj for any i, j. Now, for t ∈ Q \ {0, ±1}, consider the family of Riemann surfaces C t,g defined in P 2 C by an equation of the form
It is clear that C t,g is hyperelliptic of genus g, with hyperelliptic involution ι : (X :
Theorem 3.1. Following the above notations, there exist infinitely many t ∈ Q \ {0, ±1} such that C t,g has automorphism group
Moreover, the field of moduli is Q, but it is not a field of definition.
Proof. The g-fold branched cover π : C t,g → C has branch values, given by the real points
Hence, any automorphism of C t,g in the reduced automorphism group Aut(C t,g ) := Aut(C t,g )/ ι induces a Möbius transformation
leaving invariant the branch locus of π. One easily checks that our restrictions on η
In particular, there are only finitely many possibilities for the orbit of t under T . Each possibility will provide a polynomial equation on t in terms of √ D and η ′ i s. After excluding these finitely many possibilities, we conclude that Aut(C t,g ) = ι , for infinitely many values of t ∈ Q \ {0, ±1}. Now, the map
defines an isomorphism between σ C t,g fσ −→C t,g (recall that g ≥ 2 is even). Therefore, the field of moduli is Q. On the other hand, any other isomorphism f
Since f σ and ι commutes, and
In particular, the Weil's cocylce criterion of decent is not verified, and Q is not a field of definition for C t,g .
On automorphism groups of smooth plane curves
By a smooth plane curve over C of degree d ≥ 4, we mean a smooth curve C over C, which is C-isomorphic to a non-singular plane model F C (X, Y, Z) = 0 in P 2 C , where F C (X, Y, Z) is a homogenous polynomial of degree d with complex coefficients.
Using elementary algebraic geometry (Riemann-Hürwitz formula and Bézout theorem) one shows the following:
Next, if f (x, y) = 0 is the affine equation of a smooth plane curve C of degree
is a basis of the space of regular differentials on C. Therefore, the canonical map
can be seen as the map
In particular, when d = 4, this map is exactly the identity map, and hence is an embedding. Thus a smooth plane curve C of degree d = 4 over C is nonhyperelliptic. Now, assume that d ≥ 5 and C is hyperelliptic. Hence, it has a hyperelliptic involution ι of order 2, which fixes exactly 2g + 
, its exponent is defined to be max{i, j, k}. For a homogenous polynomial F (X, Y, Z), the core of it is defined to be the sum of all terms of F with the greatest exponent. Now, let C 0 be a smooth plane curve, a pair (C, H) with H ≤ Aut(C) is said to be a descendant of C 0 if C is defined by a homogenous polynomial whose core is a defining polynomial of C 0 and H acts on C 0 under a suitable change of the coordinates system, i.e. H is conjugate to a subgroup of Aut(C 0 ).
By [17, §1-10] and the proof of Theorem 2.1 in [9] , we conclude: [17] , Harui [9] ). Let G be a subgroup of automorphisms of a smooth plane curve C of degree d ≥ 4 defined over C. Then, one of the following holds:
(i) G fixes a line in P 2 C and a point off this line. (ii) G fixes a triangle ∆ ⊂ P 2 C , i.e. a set of three non-concurrent lines, and neither line nor a point is leaved invariant. In this case, (C, G) is a descendant of the the Fermat curve
-conjugate to a finite primitive subgroup namely, the Klein group PSL(2, 7), the icosahedral group A 5 , the alternating group A 6 , the Hessian group Hess * with * ∈ {36, 72, 216}. 
Such a transformation fixes pointwise a line (its axis) and a point off this line (its center).
Theorem 4.5 (Mitchell [17] ). Let G be a finite group of PGL 3 (C). If G contains an homology of period n ≥ 4, then it fixes a point, a line or a triangle. Moreover, the Hessian group Hess 216 is the only finite subgroup of PGL 3 (C) that contains homologies of period n = 3, and does not leave invariant a point, a line or a triangle.
Non-hyperelliptic real curves not definable over their field of moduli
For any arbitrary integer d = 4m > 0, fix {η 1 , η 2 , ..., η m } ⊂ L D , satisfying the following conditions:
(i) (Non-singularity) For t ∈ Q \ {0, ±1}, the form
has no repeated zeros.
(ii) (Automorphism group) The form
is not invariant under any automorphism of P 
Then, there exist infinitely many t ∈ Q \ {0, ±1} such that
Moreover, the field of moduli of S t,d is Q, but is not a field of definition.
Proof. First, we show that the Riemann surface S t,d is non-hyperelliptic of genus
. By Lemma 4.1, it suffices to see that the equation (1) has no singular points in P 
, whereas Aut(S t,d ) is defined over the cyclotomic extension Q(ζ d/2 ). Let τ be a generator of Gal(Q(ζ d/2 )/Q), hence the group Gal(L/Q) = σ, τ . Moreover, one easily checks that S t,d is isomorphic to its conjugates σ S t,d and
Hence, Q is the field of moduli for S t,d relative to L/Q. However, it is not a field of definition for S t,d . To see this, let f :
where e is the trivial automorphism of L. Therefore, Q is not a field of definition for S t,d .
Lastly, it remains to prove our claim on Aut(S t,d ). We consider the following two cases: (Case d = 4). We use quite similar techniques as the ones in [3, 4, 5] . It is clear that ψ := [X :
) is an homology of order d/2 ≥ 4 (Definition 4.4). Therefore, Aut(S t,d ) fixes a point, a line or a triangle, by Theorem 4.5. In particular, it is not conjugate to any of the finite primitive group mentioned in Theorem 4.3-(iii). Now, we treat each of the following subcases:
∈ L are leaved invariant: By Theorem 2.1 in [9] , we can think about Aut(S t,d ) in a short exact sequence
where G is conjugate to a cyclic group Z/mZ of order m ≤ d − 1, a Dihedral group D 2m of order 2m with m|(d − 2), one of the alternating groups A 4 , A 5 , or to the symmetry group S 4 . Any such G, which is not cyclic, contains an element of order 2. Let ψ ′ ∈ Aut(S t,d ) such that ̺(ψ ′ ) has order 2. Then, ̺(ψ ′ ) has the shape ψ a or ψ a,b for some a, b ∈ C \ {0}, which is absurd by our assumptions on g(X, Z). Consequently, G = ̺(Aut(S t,d )) is cyclic, generated by the image of a specific ψ G ∈ GL 2,Y (C). In the worst case, this would lead to a polynomial expression of t in terms of the η It is straightforward to check that any DT j and DRT j with j = 0 has order 3 < d/2. Thus φ −1 ψφ has also a diagonal shape, and then we may take φ in the normalizer of ψ , up to a change of variables in Aut(F d ). In this case, we can think about Aut(S t,d ) in the commutative diagram
The variable Y in the transformed defining equation via φ appears exactly as the original equation in the statement. Hence, G is at most cyclic of order 2, since otherwise H must have an element of the shape [ζ 
Then, if Aut(S t,d=4 ) ≤ PGL 3 (C) contains properly ψ , then by [6, pag. 26 ], Aut(S t,d=4 ) contains a subgroup isomorphic to either Z/2Z × Z/2Z, Z/6Z or S 3 .
We will now exclude each of these cases. The first case can be excluded because an explicit computation shows that there is no involution, except ψ, which preserves the four fixed points of ψ on S t,d=4 .
The second case can be excluded because if Aut(S t,d=4 ) contains a cyclic subgroup of order 6 generated by φ with ψ = φ 3 , then the automorphism ϑ = φ 2 induces an order three automorphismθ on the elliptic curve E := S t,d=4 / ψ having fixed points. This is a contradiction, since the curve E (whose equation can be obtained replacing Y 2 with Y in the equation of S t,d=4 ) has j-invariant distinct from zero.
Finally, suppose that Aut(S t,d=4 ) contains a subgroup ψ, φ isomorphic to S 3 . Here we will apply a method suggested by F. Bars [6] . By [6, Theorem 29] , up to a change of coordinates the equation of S t,d=4 takes the following form: Note that S t,d=4 has exactly four bitangents X = s j Z, j = 1, 2, 3, 4 invariant under the action of the involution ψ, where s j are the zeros of
−4(X + (1 − √ 2))(X + 1 1 + √ 2 )(X − 3(7 + 5 √ 2))(X + 1 3(7 − 5 √ 2) ).
Let b j1 = (s j , q j , 1), b j2 = (s j , −q j , 1) be the two tangency points of the line X = s j Z. On the other hand, observe that the line w = 0 is invariant for θ and it is bitangent to S t,d=4 at p 1 = (1 : 0 : 0), p 2 = (0 : 1 : 0). Thus, for some j we must have {Ap 1 , Ap 2 } = {b j1 , b j2 }, from which we get a = s j b and e = ±q j b. By means of these remarks and using MAGMA [7] (see also [11] ), we may see that φ = AϑA −1 is not an automorphism of S t,d=4 . This shows the claim on Aut(S t,d ), and we are done. The action of an ψ a,b can be treated in the same way. However, it is a bit more tedious, and we skip it for simplicity.
